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Feature reduction is nowadays an important topic in machine learning as it reduces the complexity of
the final model and makes it easier to interpret. In some applications, the features arise from multiple
sources and it is not so important to select the individual features as to select the important sources. This
leads to a group feature selection problem. In this paper, we consider the group feature selection in the
multiclass classification setting based on the framework of support vector machines. We reformulate it
as a sparse problem by prescribing the maximum number of active groups and propose a novel method
based on the ADMM algorithm. We proposed the method in such a way that the main computational
load is performed in the first iteration and the remaining iterations can be computed fast. This allows us
to handle large problems. We demonstrate the good performance of our method on several real-world

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Feature selection is an important procedure in many machine
learning applications such as text classification or DNA analysis. It
aims at selecting a small number of features which contain no ir-
relevant or redundant features. Besides identifying the important
features, it helps to reduce the computational load and may im-
prove the classification performance. In this work, we focus on
supervised feature selection. They can be roughly grouped into
three categories: Filter, wrapper, and embedded methods [13]. Fil-
ter methods evaluate the relevance of features via univariate statis-
tics. The wrapper approach repeatedly uses a classifier to search
for relevant features. Embedded methods perform variable selec-
tion as part of the learning procedure. Since filter methods usually
evaluate all features independently they perform worse than wrap-
per or embedded methods. Since embedded methods are more
computationally efficient than wrapper methods while maintain-
ing comparable selection results, we focus mainly on them in this
paper.

In many applications, data are obtained from multiple sources
and each source produces several features [29]. For example, in the
EEG (Electroencephalography) signal classification [20], signals are
obtained by attaching multiple electrodes to a person’s head. The
signal emitted from each electrode is then represented via several
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coefficients. Thus the input features possess group structure, where
the coefficients corresponding to one electrode form one group. In
this case, feature selection imposed on individual features may not
reveal this structure information. Hence, instead of finding impor-
tant individual features, finding important feature groups is more
suitable in this scenario. This leads to the problem of group feature
selection.

So far, several research works related to group feature selection
have been presented, such as group Lasso [22,27,38], sparse group
Lasso [28], and Bayesian Group Lasso [25]. However, these group
feature selection methods were mainly based on square loss and
logistic loss for regression and classification analysis. There does
exist one work exploring hinge loss popularized by Support Vector
Machines (SVM) [12]. But this work only targets at regression and
binary classification, leaving multiclass support vector machine un-
explored. Even though, group feature selection for multiclass clas-
sification problem can be simply decoupled to group feature selec-
tion for several binary classification problems [12] via one-against-
rest or one-against-one strategies. However, this way will not be
able to identify relevant feature groups that simultaneously works
well for all classes. There do exist several works related to this si-
multaneous multiclass feature selection [11]. But these works did
not consider the group feature selection.

There are many methods for feature selection, see the excel-
lent reviews [14,16,31]. In this manuscript, we will concentrate on
feature selection via the powerful classification algorithm multi-
class support vector machines [32]. In [31] the authors introduced
sparsity regularization in the linear dynamic analysis. The recur-
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sive feature elimination, which starts with the whole set of fea-
tures and removes one feature at every iteration, was extended
for multiclass support vector machines in [11,39]. A framework of
scaling factors is also introduced for multiclass support vector ma-
chines to perform feature selection across multiclass [11,36]. Paper
[30] extends variational relevant vector machine [5] to group fea-
ture selection.

Many methods are based on the (group) Lasso regularization.
Outside of the SVM context, they have been employed in [27] for
generalized linear models, in [22] for logistic regression models,
in [18] for overlapping groups, or in [23] to automatically select
salient nodes in deep neural networks. In the SVM context, the
group Lasso is either applied directly as in [36] or it is argued that
the group Lasso is a convex approximation of the group zero norm
[9]. Some methods attack this group zero norm [21] or necessary
optimality conditions are used to solve the problem [1,24].

In this paper, we propose a novel sparse group feature selec-
tion method for multiclass support vector machine (MSVM). Our
method can choose an optimal subset of features in a grouped
manner simultaneously working well for all classes. We mention
the generalization of the recursive feature elimination to select
groups instead of individual features. The main result is to use the
all-together approach for MSVM of [35], consider the group zero
norm and solve it via the ADMM method [7].

The group Lasso and group zero norm terms are usually placed
in the objective. Since this means one additional hyperparameter,
we place it into the constraints. We derive a special decomposi-
tion for the ADMM method such that most of the work is done in
the first iteration and the remaining iterations are relatively cheap.
The ADMM method is known to quickly provide a reasonable solu-
tion estimate but the convergence to optimality may be slow. Since
we are interested only in determining relevant feature groups, we
stop ADMM once the features groups are stabilized. The actual
model coefficient can then be computed by restricting the origi-
nal features to the selected features by any classification technique.
We show good performance of our method on several real-world
datasets.

This paper is organized as follows: Section 2 introduces sup-
port vector machines and multiclass group feature selection. In
Section 3 we first generalize the recursive feature elimination to
handle groups. Then we formulate the MSVM for feature selection
and propose how to solve it via the ADMM method. We comment
on the computational complexity and provide a comparison with
the group Lasso method. Finally, in Section 4 we show the good
performance of our method on several real-world datasets.

2. Sparsity inducing terms

In this section, we provide a brief introduction to support vec-
tor machines, group feature selection, and multiclass feature selec-
tion methods. In the last part, we then combine all these part to
derive an optimization problem for multiclass group feature selec-
tion based on support vector machines.

In the whole manuscript, we assume to have n pairs of training
data {x;,y;}7 ,, where x; € RY is the feature vector corresponding
to ith sample, and y; is the class label of x;. Unless stated other-
wise, we assume that there are K classes with labels 1, ..., K.

2.1. Support vector machines

Support vector machines (SVMs) are powerful supervised algo-
rithms for classification. Originally designed for binary classifica-
tion, their decision boundary is represented by a linear function
wTx+ b, where w e R? is the weight vector and b € R is the shift
of the separating hyperplane. When the labels are +1 or —1, the
idea of SVMs is to maximize the margin between the samples and

the separating hyperplane by solving

L 1 c
minimize ||w||2 + Z“El 0
subject to y,(w X+ b) >1-§.

£>0,i=1,...,n

Here, the first term of the objective is the regularization, the sec-
ond term measures the classification error and C> 0 specifies the
trade-off between them. For a general x, the decision rule is based
on the sign of w'x +b.

Many real-world classification tasks involve multiclass classifi-
cation. There are two popular approaches. In the one-vs-one and
one-vs-rest approaches, the multiclass classification problem is di-
vided several times into binary classification problems and mul-
tiple models are built. The class with most “wins” is selected as
the predicted class. However, since each model considers a differ-
ent coefficient vector w, this approach is not suitable for feature
selection. The authors of [35] employed the all-together approach
and assigned a separating hyperplane WPH‘bk to every class k.
The goal is then again to maximize the margin, which yields the
following problem

minimize 5 Z l[will3 + CZ > i

i=1 k£y;
subject to (wy, —w;)Tx; + by, — b, > 1 &,
£, >0, i=1,....n, k#y,. )

Similarly as for binary SVMs (1), to a general ¥ a class with the
highest value of w|x + by is assigned. For a detailed review of both
binary and multiclass SVMs we refer to [8,32].

2.2. Group feature selection via group lasso

In many applications, there are ] pairwise disjoint feature
groups Gy, ..., Gy and the task is to select a small number of the
relevant feature groups instead of a small number of the rele-
vant features. Many embedded group feature selection methods
are based on the group Lasso defined by

Z lwg, [I2 = Z > w2, (3)

j=1 feG;

Iwigse

where wg; is the restriction of w to group G;. The group sparsity
inducing term [w||§5" is usually added to the objective.

2.3. Multiclass feature selection via group lasso

While in the previous section we considered two classes with
multiple feature groups, here we consider K classes without any
group structure. Similarly as before, it is possible to use the group
Lasso to select features

Wi = ZIIW,IIz—Z Zw
Jj=1Y k=1

By wy ; we understand the jth component of wy and by w. ; the
K-dimensional vector composed by wy, ; for all k. Paper [21] argued
that ||w||mCIaSS is just a convex approximation of the group zero
norm

d
Wl = Z llw.jllo = #{j| wy; # 0 for some k}. (5)
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They further observed that this sparse inducing term can be writ-
ten as a difference of convex (DC) functions and used a DC algo-
rithm to solve the resulting problem. In [36] the authors used a
clever technique combining both of the approaches above: They
considered ||w||;;f§'aSS for a general p<[0, 1] and updated p auto-
matically.

2.4. Multiclass group feature selection via group lasso

To get a group multiclass sparsity induding term, we combine
the group sparsity inducing term [wl[|37"" from (3) with the mul-
ticlass sparsity inducing term ||w||§f§laSS from (4) to obtain

] d K
IWlaa =Y lwel=Y | > wi, (6)
j=1

j=17\| k=1 feG;

Building on the notation above, by w. g, we understand the union
of w.  for all feG;, thus all coefficients of the weight vector cor-
responding to the given group. Theoretically, we could add (6) di-
rectly to the multiclass SVM problem (2) but this would mean one
more hyperparameter which could be difficult to tune [2]. Instead
we decided to work with the generalization of ||w||gf§1355 from
(5) to define the following multiclass group zero norm

J
wllor =Y llw.gllo
j=1

= #{j| wis #0 for some k and some feG;}.  (7)

Then we modify problem (2) by prescribing the maximum number
of important groups Smax :

L 18 3
minimize 5> [will3 +CY0 > &
w.b§ k=1 i=1 kzy;
subject to  (Wy, —wy) "X + by, — b > 1 — &, (8)

Ex>0,i=1,....n, k#Yy;

”WHO,I < Smax-

3. Simultanous multiclass group feature selection

In this section, we present two methods for multiclass group
feature selection. The first method is a simple adaptation of the
recursive feature elimination. The second method solves directly
(8) via the ADMM method. For the second method, we then pro-
vide a basic analysis of computational complexity and compare
with the “standard” group Lasso.

3.1. Multiclass recursive group feature elimination

First, we extend the multiclass recursive feature elimination
(RFE) method to group feature selection. The algorithm starts with
an active list of all features and removes one group after another.
At every iteration, the weights wj, are computed with zeros at the
inactive features by any all-together classification method. Then for
every active group j, the score

K
. 1 2 1 2
Sj = |Gj| ”W'»GJHZ = |Gj| Z Z Wi s

k=1 feG;

is computed and the group with the smallest score is made inac-
tive.

3.2. Solving (8) with ADMM

In this section, we apply the alternating direction method of
multipliers (ADMM) to (8). The ADMM [7] is a popular optimiza-
tion method which has been already used to solve classification
problems in SVMs [4,37]. However, to the best of our knowledge,
it has never been used for multiclass group selection. The ADMM
is a dual ascent method, where the gradient of the dual objective
is computed only approximately. Since it is a dual method, usually
a convexity is required for convergence proofs. We make use of the
recent results of [15], where a convergence of ADMM was shown
also for some non-convex problems with sparsity constraints.

To simplify the notation, we first write (8) in a compact form.
Recall that K is the number of classes, d the number of fea-
tures and n the number of samples. We define w := [wy;...; wi] e
RK? and b :=[by;...; bx] € R and collect &;, into one vector & ¢
R&-Dn_Finally we collect the first constraint in (8) into a matrix
Ay € RE=Dn=<Kd containing in every row only x| a —x and a ma-
trix A, € RE-DnxK containing in every row only 1 a —1. Then we
may rewrite (8) into

minimize lwvw +C17¢
w,b,& 2
subject to  Ayw+Ab>1-§, (9)
§>0,

“W“O,l =< Smax-
By combining both constraints on & we obtain & > max{1 — A,w —
Apb, 0}. This results in (8)
1
EwTw +C1" max {1 — Ayw — Apb, 0}

“W“O,l =< Smax-

minimize
W (10)
subject to

To apply ADMM to (10), we need to make this problem sepa-
rable with only linear constraints. For the separability, we intro-
duce artificial variables y = 1 — A,w — Apb and z = w while for the
linear constraints, we use the standard argument of enforcing the
constraint in objective by using the indicator function

0 if ”2”0.1 =< Smax>
+o0o otherwise.

I(”z”O.l = Smax) = {

Then problem (10) reads

minimize %WTW +C1"max {y, 0} +I([Izllg.1 < Smax)

w,b,y.z
subject to y=1-A,w—Apb, (11)

zZ=Ww.

Now we introduce the scaled version of the augmented Lagrangian
[7, Section 3.1.1] by

1
Lw.b,y.z; A, ) := EWTW+C1TmaX{J’, 0} +I(J1zllo,1 < Smax)
+§||y—1+Aww+Abb+l||§+§||sz+;b||§. (12)

Here A and p are the multipliers associated with the first and sec-
ond constraint in (11), respectively and p >0 is an arbitrary pa-
rameter.

ADMM is an iterative algorithm. In iteration [, the current iter-
ate (w!, b', y!, 2!, A, u!) is updated in the following four steps

(WH1 b1y — argminL(w, b, y, 25 A!, uh), (13a)
w.b.y
21 = argmin L(w™!, BTy z A uh, (13b)
z
A = ALy 1 4 AW £ A, (13c)
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ILH] — ILI +Zl+1 —WH]. (13(1)

Even though (13a) is a quadratic programming problem, it does
not have a closed-form solution. Since ADMM does not provide an
exact gradient for the dual ascent but only its approximation, we
further approximate (13a) by solving first for (w1, b"*1) and only
then for y'*1. When solving (13a) with respect to (w, b), we can
omit two terms of the Lagrangian L which do not depend on w
and b. Then we get

c 1
mlnlrguze EWTW + glly’ —1+AwwW+Ab+ A3
w,

+§|IZ’ —w+ pl|l2.

Since this is a quadratic unconstrained problem, it is equivalent to
setting its derivatives with respect to w and b to zero. This yields

w pA, (Y - 1+AW+ADb+ L) - p(2 —w+p!) =0,
14
pA; (¥ = 1+Aw+Ab+ 1) = 0. ()

This is a system of linear equations. We comment on a precise
way of solving it later in Section 3.3. The second part of solving
(13a) amounts to minimizing it with respect to y. Ignoring again
the constant terms, this is equivalent to
minimize C17 max{y, 0} + glly — 14+ AW 4 Apb*T L A13.
y
(15)

This problem can be decomposed into multiple problems in one
real variable and analysis of all possible cases shows that the solu-
tion takes the form

Y = Toor (1 — Apw™! — A" — AL p71C1), (16)

where Ty (t, t3) is the shifted soft-thresholding operator [7, Sec-
tion 4.4.3]

Toore (t1, £) = max{min{t;, 0}, t; — t}.

Since only two terms in L depend on z, solving (13b) amounts

to
. 1
minimize 5 |z — w4+ ul)2
V4
subject to  [|z[lo.1 < Smax-

This problem has a closed-form solution. For each j=1,...,] de-
fine the score s; corresponding to the feature group G; by

K
sji= ||W?_+G]j —w =3 Wi - )P (17)
k=1 feG;

Then the solution of (13b) componentwise reads

ijfl - ,uL ; if sj is among smax largest score values
z} = and f € Gj; (18)
0 otherwise.

The multiplier updates (13c) and (13d) are trivial.

3.3. Numerical solution procedure

The computationally most demanding part from the previous
section is solving system (14). After some linear algebra and scaling
by o1, it can be written in the form

erfe (8 ~IE)

—
Q Q

_ (z’—l—u’—AvTv(y’—l—i—)J)) (19)
—Al (' =1+

In every iteration, we need to invert Q; + QZTQZ. Note that it is a
fixed matrix with dimension K(d + 1) x K(d + 1). Moreover, it is
a positive semidefinite matrix and can be made positive definite
matrix by either adding a small multiple of the identity matrix to
Qq or by considering b as one feature group, which would change
Q; into the identity matrix. Now there are two possibilities.

If the number of features d is smaller or comparable to the
number of samples n, we can compute the Cholesky decomposi-
tion of Q; +Q; Q,, thus to find a regular lower triangular matrix

BB =1+pH(E )i (M), a (20)
Bl =400 o) (a7 (Aw  Ap).
Then (19) reads
WI'H B - Zl+[L1—AT(yl—1+)J)
(bl+1> :(Bl])TBll< _A;(ylw—1+XI) : (21)

Since By is a lower triangular matrix, system (21) is easy to solve.

If the number of features d is large, the computation from the
previous paragraph is infeasible, and it may be advantageous to
use the Woodbury matrix identity to obtain

QU+ Q) "= -0 (+QQ'Q) 'Y (22)

Note that Q; can be made a diagonal matrix with positive en-
tries by one of the two possibilities mentioned above, and thus
Qr 1 is simple to compute. Moreover, the positive definite matrix
I+Q2Q;'Q; has dimension (K —1)nx (K—1)n and if there is a
reasonable number of samples n, the Cholesky decomposition can
be again computed to get a lower triangular matrix B, with

B:B] =1+Q:Q;'Q;. (23)
Then (19) is due to (22) and (23) equivalent to

[+1
(”;’,L) — (@' -Q'0) (B;")B;' 0.0y )

<Z’+M’ - A, —1+k’))
X .
~Al Y =1+

The great advantage of these approaches is that it suffices to
compute one Cholesky decomposition and then every iteration of
ADMM is cheap.

We summarize this whole procedure in Algorithm 3.1. The
usual termination criterion is based on a change in primal and dual
variables. However, since we are interested in determining the im-
portant feature groups, we stop ADMM when the feature groups
stabilize and then run the multiclass SVM classification on the se-
lected features.

(24)

3.4. Connection to the group lasso

The usual approach is to consider the convex term |w||,; in
the objective instead of the discontinuous term ||w||y; in the con-
straints as in our problem (8). This results in

- 18 i A
minimize 52||Wk||§+CZZ§ik+C||W||2.1
k=1 i=1 k#y; (25)
subject to  (Wy, — W) X; + by, — b > 1 — &,

Ex>=0,i=1,....n k#y;.
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Algorithm 3.1 For solving (8).

1: Compute By or B, from the Cholesky decomposition in (20) or
(23)

2: Set initial data (y°,2%, A0, u?)

3: for [ =1, ..., maxIter do

4:  Update (w!t1 b'*1) via (21) or (24)

Update y"+1 via (16)

Update z/*! via (18)

Update A'+1 via (13c) and ! via (13d), respectively

if smax largest scores from (17) did not change then
break

10: end if

11: end for

12: Obtain a classifier on the selected features

© % Ny

Even though (8) and (25) look similar, there are some key
differences between them. First, (25) is a convex problem while
(8) is a non-convex problem. Second, (25) is simpler to solve while
(8) is closer to the group feature selection problem. Third, problem
(25) contains hyperparameters C and € while problem (8) contains
hyperparameters C and Smax. The second set of hyperparameters
should be easier to tune as smax has, on the contrary to €, a direct
interpretation as the maximal number of selected groups.

Since (25) is a convex quadratic program, if we apply ADMM
to it, we have guaranteed convergence. The ADMM would result in
the same procedure as Algorithm 3.1 and the only difference is the
z+1 update (18) which would take the form

. 2 4 .. .
» w'} — i if s;= =C, where j is unique group
Z0y = index with f € G}, (26)
0 otherwise.

In other words, while our method in (18) always sets smax fea-
tures to be non-zero, (26) updates z in the identical way but the
number of non-zero features changes in every iteration. Since the
latter algorithm has guaranteed convergence and Algorithm 3.1 is
very similar to it, this could explain the good convergence of the
ADMM method as observed in the numerical section.

4. Numerical experiments and discussion

In this section, we show the good numerical performance of our
methods. We consider the RFE method proposed in Section 3.1 and
the ADMM method from Section 3.2. While the RFE method starts
with the full set of groups and removes one group after another,
the ADMM method fixes the maximal number of groups smax and
finds smax feature groups. Since this makes the RFE method un-
suitable for problems with a large number of feature groups, we
concentrate mainly on the ADMM method.

We consider three classes of real-world datasets. All three
classes follow a different goal. The first category (datasets GSA
[26,33], USPS [17] and Smartphones [3]) shows that our methods
outperform other group feature selection methods. The second cat-
egory (datasets RNA-Seq 1 and RNA-Seq 2 [34]) shows that even
for datasets with a large number of features, the ADMM method
selects group features which achieve high accuracy. The third cat-
egory (dataset K3B [6]) is a neuroscience application, where the
relevant features are known. We show that our methods can select
these features. The datasets are summarized in Table 1 and can be
found online.!

1 GSA, Smartphones and RNA-Seq 1 are from the UCI depository, USPS
can be downloaded from https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
multiclass.html , RNA-Seq 2 is a manual modification of RNA-Seq 1 and K3B is from
http://www.bbci.de/competition/iii/.

Table 1

Dataset description.
Dataset Classes  Samples  Samples train Features  Groups
GSA 6 13,910 300/600/1200 128 16
USPS 10 9298 500/1000/1500 256 16
Smartphones 6 10,299 300/600/1200 561 18
RNA-Seq 1 5 801 100 20,531 20,531
RNA-Seq 2 5 801 100 20,530 4106
K3B 4 180 126 180 60

All data were normalized and each dataset was randomly di-
vided into the training and testing sets 100 times. The depicted
results are averages over all these trials. Concerning hyperparam-
eters, we chose p = 1000 for all experiments. For categories 1
and 3, we determined C by 5-fold cross-validation on the whole
dataset and considered all possible values of the maximal number
of groups smax. For category 2, we fixed C = 1 and chose spyax from
{10, 20,..., 100}. After the ADMM method selects the relevant fea-
tures, any linear model can be used to determine the weights w.
We used LIBSVM [10].

4.1. Category 1: Comparison with existing methods

We followed the setting from [12] and considered three
datasets. The Gas Sensor Array (GSA) dataset contains information
from 16 chemical sensors exposed to 6 gases at different concen-
tration levels. Each sensor provided 8 features, which resulted in
16 groups and 128 features. The goal is to discriminate the six dif-
ferent gases. The Smartphones dataset is built from recordings of
17 signals of 30 subjects performing six activities (walking, walk-
ing upstairs, walking downstairs, sitting, standing, and lying) while
wearing a smartphone. Features such as mean, correlation, or au-
toregressive coefficients were subsequently extracted from these
17 signals. Besides, one additional group of features was obtained
by averaging the signals in a signal window sample. This resulted
in 18 feature groups with a different number of features in each
group. The USPS dataset contains handwritten digits, each repre-
sented by a 16 x 16 matrix. Following [12], each column of this
representation is regarded as one group.

Since there are not many multiclass group feature selection
methods, and especially not in the SVM context, we compare the
performance with the Bayesian Group Feature Selection for Sup-
port Vector Machines (BGFS-SVM) method [12], where the feature
selection in the multiclass setting is tackled via decoupling it into
several binary group feature selection problems via the one-vs-rest
strategy. This paper also implemented the group Lasso (G-Lasso)
[38] and the sparse group Lasso (SG-Lasso) [28]. As in [12], we
randomly select for each dataset training instances from each class
with the size of {50, 100, 200} and the rest instances are used as
the test set.

The average prediction accuracies of our ADMM and RFE meth-
ods are given in Fig. 1. The performance of both methods is fairly
similar: When averaged over all values of spax, the ADMM was bet-
ter four times while the RFE gave a better performance five times.
Moreover, especially for the GSA and Smartphones datasets, the
performance did not decline when more than half of the groups
were omitted.

In [12], the authors showed the performance of the BGFS-SVM
method for 7, 11 and 8 maximal groups for the datasets GSA, USPS
and Smartphones, respectively. In Table 2, we depict the perfor-
mance of the ADMM method for these values. Following the name
BGFS-SVM, we denote our method GFS-MSVM (Group Feature Se-
lection for Multiclass Support Vector Machines). In 7 out of 9 cases,
our method GFS-MSVM outperformed the results presented in [12],
in the remaining two cases, it was only slightly worse.


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multiclass.html
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Fig. 1. The average prediction accuracy [%] of our methods on the datasets from category 1.

Average prediction accuracy [%] on the benchmark datasets from category 1. Results
for G-Lasso, SG-Lasso and BGFS-SVM are taken from [12]. Our method is denoted

GFS-MSVM.

Dataset Nejass G-Lasso SG-Lasso BGFS-SVM GFS-MSVM

GSA 50 79.8 +4.4 83.0+4.8 843+1.7 94.7+11
100 843+3.6 85.3+4.0 92.0+1.6 96.6 + 0.6
200 86.4+3.5 88.3+2.7 98.1+0.8 97.5+04

USPS 50 69.0+13 71.5+15 86.6+1.2 91.5+0.7
100 69.6+14 722+0.9 90.7+0.4 92.7 +£0.6
200 72.7+1.2 741+1.2 92.5+0.3 93.4+0.9

Smartphones 50 57.5+3.5 58.2+3.5 821+16 91.2+0.8
100 71.3+41 723+28 92.6£0.8 93.5+1.0
200 73.3+41 741+2.8 95.6+0.3 95.2+04

4.2. Category 2: datasets with a large number of features

In the RNA Seq dataset, for 801 patients with five different
kinds of tumors (BRCA, KIRC, COAD, LUAD and PRAD) the expres-
sion levels of 20,531 genes were measured by the Illumina HiSeq
platform. On this dataset, we will show that the ADMM method
is able to reduce this large number of features into a small one
while keeping a large prediction accuracy for the tumor type. As
in the previous category, we selected 20 samples for each class as
the training samples, which resulted in 100 training samples. Since
there is no information about the genes, we considered two cases:
When each group consists of one gene (denoted RNA Seq 1) and
when every five genes were grouped into one group (denoted RNA
Seq 2). For the latter dataset, we adjusted the maximum number
of feature groups smax such that the number of selected features
were the same for both datasets.

The average accuracy can be seen in the left part of Fig. 2. The
performance on both datasets is very high. Theoretically, the per-
formance on RNA Seq 1 should always be superior as there are
more possibilities how to choose the given number of features.
However, for a larger number of smax, the performance was bet-
ter on the RNA Seq 2 dataset. This was likely caused by the fact
that the grouping of genes decreased the size of the search space
for the second dataset.

In the right part of Fig. 2 we show the experimental conver-
gence of the ADMM method on RNA Seq 1. The x-axis denotes the
genes while the y-axis denotes the iteration of the ADMM method
until it converges in iteration 885. The black vertical lines show in
which iterations a given gene was selected in the Spmax = 30 most
important genes. We can see that the convergence displays the
beneficial property of stability of selected genes; some genes were
even selected during all iterations.

4.3. Category 3: neuroscience application

In this last category, we consider the neuroscience application,
where several electrodes were attached to the patient’s head. The
patient was then asked to imagine certain actions (left-hand, right-
hand, foot or tongue movements) and the EEG signal of his brain
activity was recorded. We used the dataset Illa from the BCI com-
petition. During the experiment, 60 EEG channels were recorded
with a 64-channel EEG amplifier from Neuroscan. There were 180
labeled trials.

Following [19], we represented each electrode signal by the au-
toregressive model AR(p) over the 4 s window in which the imag-
inary movements were performed. The p coefficients formed a
group of features corresponding to that EEG channel. Model order
p =3 provided the best mean classification accuracy, which con-
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Fig. 2. Performace of the ADMM method on the datasets from category 2. The left figure shows the average precision accuracy. The right figure depicts one particular run
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Fig. 3. Selected electrodes for the ADMM and RFE methods for the dataset in cate-
gory 3.

firms the findings of [20]. This representation resulted in 60 groups
of features, each with 3 features.

In Fig. 3 we depict the selected channels. Channels 27-35 are
located on the primary motor cortex and represent the movement
of hand and foot. Channels 39-43 are on the primary somatosen-
sory cortex and are responsible for the movement of tongue, lips
and jaws. Channels 18-24 are located on the premotor cortex and
on the supplementary motor area and encode the intention, selec-
tion and control of movements. Channels 10-11, 15-16, 17, and 25
are close to the Broca’s area which is critically involved in language
comprehension and semantics. Finally, channels 37 and 45 are on
the Wernicke’s area which is involved in processing words.

From its definition, the RFE method produces nested results,
thus all the five most important channels are contained in the ten
most important channels. This does not hold true for the ADMM
method. For the most five important channels, the ADMM method
identified channels 31, 41, 29, and 33 from the motor areas. These
channels are from the areas related to the limb and mouth move-
ment. In addition, the ADMM method also included channel 25 as
it conveys the semantic information of the imaginary movements.
The distribution pattern of the top five channels selected by the

RFE method is very similar but it omitted the channel from the
semantic area.

For the top ten channel, the ADMM method added more chan-
nels from motor areas. Although the result does not conserve the
top five channels, it covers most of them. The top ten channels se-
lected by the ADMM method include channels 37 and 45 from the
language area. This demonstrates that the ADMM method is able to
extract semantic or abstract concept information from the neural
activity. In general, all the channels selected by the ADMM method
are directly related to the task performed by the patient.

5. Conclusion

Group feature selection selects features in a grouped manner
and is useful to improve the interpretability and the prediction
performance of models. While a lot of work related to the group
feature selection focuses on binary classification problems, we tar-
geted multiclass classification problems. We formulated the group
feature selection problem as a sparse learning problem in the
framework of multiclass support vector machine and solved it by
the ADMM method. We provided several improvements to increase
the speed of the algorithm. The effectiveness of the proposed
method has been demonstrated on several real-world datasets.
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