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ABSTRACT

As a common task for choosing a group of representatives, the problem of approval voting has been studied in
contexts varying from democratic elections, to sports, to products marketing, and to multi-criteria decision
making. In these applications, the length of individual ballots is often enforced, but how many candidates
should be approved in an individual ballot is still a puzzling question. The experimental framework we present
here endeavors to understand the impact of ballot-length in the effectiveness of election outcomes. Our results
suggest that: (1) given the number of voters and candidates, the effectiveness of election outcome is U-shaped
in the variance of individual ballot-length; (2) the determination of the optimal ballot-length critically de-
pends on the accuracy of ballots; (3) more voters bring more effective election outcomes. Our study of how
ballot length affects the effectiveness of election outcome provides new insights into an understudied area, and
it can serve as a starting point for future studies of the approval balloting-based elections in other retail

contexts.

1. Introduction

The task of selecting several candidates from a set of three or more
candidates is encountered in many situations [1]. For example, people
choose representatives to govern on their behalf in democracies,
companies select groups of products to promote to their customers [2],
search engines decide which webpages to display for users in response
to a given query [3]. The need of formal rules becomes one of the
central issues of these tasks to perform the selection [1,4]. In this
study, we focus on the study of multi-winner approval elections,
which are even more ubiquitous than single-winner ones but less
studied [5,6]. There are two typical multi-winner rules, best-k rules
and committee scoring rules [5], and we use the committee scoring
rule which generalizes single-winner scoring rule (t-approval score) to
perform the experiments in this paper. The t-approval score of a
candidate is the number of voters who consider him as the top t
candidates [7]. In such elections, voters submit approval ballots over
the candidates and based on these ballots several candidates with
relatively high t-approval scores are elected, which we call winning
committees. It should be noted that approval ballots may not be ordinal
ballots of several candidates which they ‘approve’ of, and the ballot-
length restrictions are enforced, where the number of candidates that
voters can approve is limited [8].

Multi-winner election with approval balloting has been used in
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many contexts over the past several decades [9-11], such as public
elections [12], officials elections [13] and academic societies [8]. One
of the most common features observed in practice is that the length of
individual approval ballots is enforced [13], whereas the determi-
nation of the optimal length still remains an unsolved problem both in
literature and practice. Small length leads the lack of decision in-
formation or error, on the other hand, long length always brings too
much ties in the final election outcome. Especially in extreme cases
the individual ballots contain only one candidate or all of them,
which is intuitive in most practical applications. It is natural to
consider that there is a ground truth ranking of the candidates, and
how to determine the optimal ballot-length, that is, to approximate
this ground truth ranking and recover the social optimum ones is an
important issue which should be investigated in the process of elec-
tion rule-designing.

So far, studies on approval balloting-based multi-winner elections
have mainly focused on the various ways approval ballots can be
counted to elect a winning committee [12]. However, despite the em-
pirical studies, only a few studies have focused on the research of best-
response for submitting ballots, the so-called optimal ballot-length. Lee
[8] provides justification for some ballot-length restrictions under
complete information and highlights a stark trade-off between stable
and desirable election outcomes in his study. Laslier et al. [12] conclude
that voters should entail voting by pairwise comparison of two critical
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Fig. 1. The displayed inherent ability of candidate c; for voter v;.

candidates: the strongest expected loser and the weakest expected
winner to fulfill the best responses of approval balloting, but they do
not provide any instructions for voters about the optimal number of
candidates they should vote for. However, to the best of our knowledge,
there exists so far no systematic and testable theory of the optimal
ballot-length in the rule-designing of approval balloting-based multi-
winner elections. In such scenarios, we here focus on the study of the
optimal ballot-length in different situations of elections with approval
balloting.

In this study, we develop a framework based on the “inherent
ability” of candidates [14] to investigate the optimal ballot-length in
the approval balloting-based elections problems. Our method can gen-
erate the ground truth ranking of the candidates and synthetic approval
ballots with adjustable accuracy and length. Using the synthetic ap-
proval ballots and the new voting effectiveness criterion, the optimal
approval ballot-length can be determined with high probability. Our
results provide a characterization of the optimal length in approval
balloting-based elections - leading to a justification of relationship be-
tween ballot-length restrictions and the target winning committee size.
In particular, this provides some justification for the restrictions en-
forced by plurality voting and aid them in determining the ballot length
in election rule-designing.

The remainder of this paper is organized as follows. We first in-
troduce the experiment framework in Section 2. We then present the
experimental results in Section 3. We conclude with a summary of our
contributions and a discussion of future work in Section 4.
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2. Experiment framework of multi-winner elections with approval
balloting

2.1. Experimental approval ballot generation method

Derived from the a newly proposed experimental ranking data
generation method in previous work [14], Firstly, we develop an ex-
perimental approval ballot generation method. Let V = (v1,Vs,...vy) be a
list of N voters and C = (c1,Ca,...cp) be a set of M candidates with re-
presentative elements v; and c;, respectively. We assume that there ex-
ists a ground truth ranking of the candidates, which can be the latent
ranking of the actual strengths of each candidate that individual voters
- and by extension, the election itself — are attempting to estimate given
the displayed abilities of those candidates. To acquire the ground truth
ranking of the candidates, we assume that each candidate has an “in-
herent ability”, and we denote it by ¢; for the candidate c;. It may be a
certain attribute of c;, such as the height of a person, the quality of a
product. We assume that the inherent ability ¢; follows a uniform dis-
tribution in the region [0,1]. Then the ground truth rank r; of candidate
¢; is acquired based on ¢, and denote by Ry = [ry,r,...,7m] the ground
truth ranking of candidates. Intuitively, a larger inherent ability of a
candidate corresponds to a higher rank. Because voters may not be
perfectly aware of ¢; in practice, we introduce $y: the displayed in-
herent ability of candidate c; for voter v;, and we assume that voters
evaluate candidates and decide whether approve candidates or not
based on it. Denote by B; = [b, by, ..., by] the ballot given by voter v,
and if v; declares his or her approval for the candidate c;, b;=1,
otherwise, b;=0. As shown in Fig. 1, the ¢, is a random variable fol-
lowing a uniform distribution in the region
[qu -1 =By ¢+ 10 —¢)A - ﬁij)]. B € [0,1] represents the accu-
racy of the displayed inherent ability of candidate c; for the voter v,
notice that a larger f; brings a narrower distribution region, and a more
accurate displayed inherent ability ¢;. When B; = 1, ¢; = ¢;, which
means that voter v; can evaluate the candidate c; exactly according to

Fig. 2. The variable length of individual ballot B; with an upper bound.
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Fig. 3. Election outcome effectiveness measure D versus ballot length L, with various k, where N = 100, M = 10, $=0.9 and the length is identical. The results were

averaged over 100 independent trials.
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Table 1

Election outcome effectiveness measure D versus ballot length L, with various
k, where N = 100, M = 10, and $=0.9. The results were averaged over 100
independent trials.

Lo k=2 k=3 k=5

1.36 4.33 14.99
0.08 212 4.64
0.88 1.11 2.59
0.88 2.39 2.09
1.5 2.40 0.79
. 5.01 1.89
16 17.69 2.5
16 21 7.61
16 21 25

21 25

= O 0N O U A wWwN -
el
(=)}
(c) p=0.8

(=]
-
(=)}

the inherent ability. Whereas when ; = 0, faij is a random variable with
a uniform distribution in the region [0, 1], and voter v; makes random
decision on whether to approve the candidate c; or not. Note that in this
paper, we assume that the displayed accuracy f; for all candidates and
voters are identical, meaning f8; = 8 for all i € [1, N] and j € [1, M].

The length of the ballot B;is L; = I{E,-jl 5,,— =1,1<j<M},and 0 <
L; <= M. While in practice of the multi-winner elections based on ap-
proval balloting, there are two common restrictions of ballot length
often observed. One is that the length of the approval ballots voters
submitted is fixed to be identical, and another is that there is an upper
bound on the number of candidates that voters can choose in individual
ballots. Given this, to investigate the optimal ballot length objectively
and comprehensively, we define the ballot length and perform experi-
ments respectively. For the first one, we assume that the length of all
the ballots L;=L for alli € [1, N]. While for the second one, we assume
that L; is a random variable following a uniform distribution in the
region [1,Lo], as shown in Fig. 2.

(b) f=0.9

2.2. Effectiveness measure of election outcome with approval balloting

Under approval-based voting, denoted by A = (a;)vxm the ballot
matrix, in which a;=1 represents that the voter v; declares his or her
approval for the candidate c; otherwise, a;=0. Accordingly,
L= Z;W:I a; is the length of the ballot submitted by v; and S; = Efil a;
is the t-approval score of the candidate c;, and the final ranking of
candidates R can be obtained by sorting their t-approval scores in the
descending order, with which the winning committee can be de-
termined. As a result, the effectiveness of the election outcome can be
quantified by measuring the distance D between the final ranking of
candidates R and the ground truth ranking Ro.

There are two popular distance measures which can be used to
evaluate the similarity of two rankings, the Spearman footrule distance
and the Kendall tau distance. The Spearman footrule distance is the sum,
over all candidates c; € C, of the absolute difference between the rank of
¢j according to the two rankings. Then the Spearman footrule distance
between the final ranking of candidates R and the ground truth ranking
Ry is

=1.0

(a) p

FR, Ry) = Zi‘: | 1R() ~ Ro(e)l. I

While, the Kendall tau distance counts the number of pairwise dis-
agreements between two rankings, and the distance between the final

Fig. 4. Election outcome effectiveness measure D versus ballot length Ly and target size k with various 3, where N = 100, M = 10. The results were averaged over 100 independent trials.
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Fig. 5. Election outcome effectiveness measure D versus ballot length L, with various 3, where N = 100, M = 10, and k= 3. The results were averaged over 100

independent trials.

ranking of candidates R and the ground truth ranking R, is
A A A
K (R, Ro) = {(c;, ¢p)li <j, R(c;) < R(¢)), but Ro(c;) > Ro(c)}l.  (2)

Notice that R (¢j) and R, (¢;) are the rank of candidate c;. Intuitively, the

smaller the value of F (ﬁ, Ry) and K(I/Q\, Ry) is, the more effective the
election outcome is. It should be noted that we have performed a host of
experiments and found that there was no difference between the two
distance measures in evaluating the similarity between the election
outcome R and the ground truth ranking Ro. Thus, we use the Kendall
tau distance K (1/2\, Ry) to evaluate the effectiveness of the election out-
comes, and denote it by D = K (1/2\, Ry).

In sum, the problem of finding the optimal individual ballot length
can be solved by finding a ballot length L" which can minimize the
distance between the election outcome R and the ground truth R,.
Given this, we consider approval-based multi-winner voting rules that
take as an input a tuple (V, C, A, Ly, k) of voters V, candidates C, the
ballot matrix A, ballot-length Lo, a positive integer k <|C|, which is the
target winning committee size. It is natural to consider the top k can-
didates in the election outcome as the winning committee. Given this,
in this paper, we consider the rank of candidates which are not bigger
than k in the election outcome R as the first and the rank of candidates
which are bigger than k in the election outcome R as the second, which
means that there can be ties in R. Similarly, for the precision of
counting the distance between R and Ry, we consider the rank of can-
didates in ground truth ranking R, which are not bigger than k as the
first, and the rank of candidates which are bigger than k are considered
as the second. Note that in our experiments, if ¢; and c; share the same
rank in 1/2\ but they are ranked in different positions in Ry, there will be a
pair of disagreement between two rankings R and Ry, which sounds
reasonable because the election outcome failed to provide the correct
information for decision makers.

3. Experimental results of optimal ballot length in multi-winner
elections

We now try to find the optimal ballot lengths L" with different 8 and
k in different situations of ballot length restrictions. We first generate
various sets of synthetic ballots using the experimental ballot genera-
tion method, and then we convert them into the rankings of candidates,
that is, the election outcomes. We next compare the effectiveness of the

election outcomes and find the optimal ballot-length which leads the
election outcome most appropriate the ground truth. We focus speci-
fically on the investigation of relationship between the target com-
mittee size k and the optimal ballot-length L” with different restrictions
of ballot length. Moreover, we compare the experiment results between
two restrictions of ballot length, i.e. identical length and length with
upper bounds. For the convenience of investigation, the number of
candidates M is fixed to 10. All experiments are repeated 100 times in
order to obtain stable results.

3.1. Experimental results of ballots with fixed lengths

3.1.1. The existence of the optimal ballot length

To investigate the existence of the optimal ballot length, we perform
a host of experiments and present the effectiveness measure of election
outcome D as a function of the ballot length L, in Fig. 3, in which
N=100, M=10, and 8=0.9. The specific data is also presented in
Table 1, and the best effectiveness measure is emphasized in bold and
italic. As we can see, the effectiveness measure of election outcome is U-
shaped in the variance of ballot length. In other words, there is an
optimal solution of how many candidates should be involved in a ballot
with a kind of combination of 8, N, M and k. It should be noted that we
have conducted a variety of experiments and obtained similar results.

3.1.2. The impact of the ballot accuracy

To investigate the impact of the ballot accuracy B on the de-
termining of the optimal ballot-length L*, we perform numerical ex-
periments and present the election outcome effectiveness measure D
with various Ly and f in Fig. 4 and Fig. 5. We observe that, with the
increasing of the ballot accuracy 8 in Fig. 4, the “valley” is becoming
more and more obvious. In other words, when the ballot accuracy is
low, the election outcomes of many ballot-length options L, are very
similar to each other. However, when the ballot accuracy is high,
election outcomes of the ballot length which approximates the target
size k outperform the other options of ballot length by a significant
margin. Fig. 5 strengthens this analysis further and suggests that when
the voters can provide ballots with high accuracy, the length of in-
dividual ballot should be a number very close to the target size k. When
the ballots are not accurate, there are a lot of choices of the ballot
length. Furthermore, when the ballot accuracy is 1, we find that the
best ballot length is equal to k. Clearly, if the ballot accuracy f=1, the
candidates chosen by voter v; must be the top-L, candidates. Given this,
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we have Ro={1, ... 1, 2, ... 2}, the ground truth ranking of the
candidates, in which “1” and “2” are the rank of the corresponding
candidates, and the number of “1” is k. The election outcome R will be
ﬁ:{ﬁ:l, =1, ... rM=2}, in
which L, is the length of ballots. The distance between the ground truth
Ry and the election outcome R is as the following:

g =1, rgge1 =2, rgge2 =2, ...

k(LO - k) + (LO - k)(M - Lo), Ly > k
D(R,Ry) = 0,Ly=k
L()(k - L()) + (k - Lo)(M - k), LO <k (3)

Obviously, the election outcome of Ly = k is most effective. Given this,
we have concluded that the best ballot length is equal to k when the
ballot accuracy is 1. Overall, the accuracy of individual ballots has a
remarkable impact on the determination of how many candidates
should be chosen in an individual ballot.

3.1.3. The impact of the target committee size

To investigate the impact of the number of candidates desired k on
the determining of the optimal ballot-length L", that is, the relationship
between the k and the optimal ballot-length L", we perform numerical
experiments and present the effectiveness measure D with various k and
Lo in Fig. 6, where $=1.0, 0.9, and 0.8. The color of each lump cor-
responds to the value of the Kendall tau distance D. A blue lump cor-
responds to a small value for Kendall tau distance, meaning that the
election outcome is effective, while a red lump corresponds to a large
value for Kendall tau distance, meaning that the election outcome is
quite different from the ground truth. We observe that, with increasing
values of the k, the optimal ballot-length L" increase. This suggests that
the number of candidates desired k has a remarkable impact on the
chosen of best ballot length. To some degree, we can consider that when
the ballots are reliable, the ballot length should be chosen as a number
which approximates the target committee size k.

3.1.4. The impact of the number of voters

To investigate the impact of the number of voters N on the effec-
tiveness of election outcome, we perform numerical experiments with
various N, which are shown as colored lumps in Fig. 7, and the ballot
accuracy 3 in experiments is 0.9. The color of each lump corresponds to
the value of the Kendall tau distance between the election outcome and
the ground truth. A blue lump corresponds to a small value for Kendall
tau distance, meaning that the election outcomes are similar to ground
truth, while a red lump corresponds to a large value for Kendall tau
distance, meaning that the election outcomes are not effective. We
observe that, the blue lumps are getting deeper and deeper with the
increasing of the number of voters N, which means that the election
outcomes are more and more effective. This suggests that decision
makers can improve the effectiveness of the election outcome by adding
more voters.

3.2. Experimental results of ballots with variable lengths

3.2.1. The existence of the optimal ballot length

To investigate the existence of the optimal ballot length in the si-
tuation of ballot length with upper bounds, we perform a host of ex-
periments and present the effectiveness measure of election outcome D
as a function of the ballot length Ly in Fig. 8, in which N=100, M=10,
and f=0.9. Similar to the situation above, the effectiveness measure of
election outcome is U-shaped in the variance of ballot length, meaning
that there is an optimal solution of how many candidates should be
involved in a ballot with a kind of combination of §, N, M and k.
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Fig. 8. Election outcome effectiveness measure D versus ballot length L, with various k, where N = 100, M = 10, $=0.9 and the length has an upper bound. The

results were averaged over 100 independent trials.

3.2.2. The impact of the ballot accuracy

To investigate the impact of the ballot accuracy  on the de-
termining of the optimal ballot-length L” when the ballot length has an
upper bound, we perform numerical experiments and present the
election outcome effectiveness measure D with various Ly and f8 in
Fig. 9. It should be noted that we have observed results which are
slightly different to the results when the ballot length is identical. When
the ballot accuracy is high, the optimal ballot length L" should be a
number slightly bigger than the target size k, while the election out-
comes of many ballot-length options L, are very similar to each other
when the ballot accuracy is low, meaning that there are a lot of choices
in the ballot length designing.

3.2.3. The impact of the target committee size

To investigate the impact of the number of candidates desired k
on the determining of the optimal ballot-length L" in the situation of
the ballot length with upper bounds, we perform numerical experi-
ments and present the effectiveness measure D with various 8, k and
Ly in Fig. 10. The color of each lump corresponds to the value of the
Kendall tau distance D. A blue lump corresponds to a small value
for Kendall tau distance, meaning that the election outcome is ef-
fective, while a red lump corresponds to a large value for Kendall tau
distance, meaning that the election outcome is quite different from
the ground truth. Similarly, we find that the number of candidates
desired k has a remarkable impact on the chosen of best ballot
length, that is, with increasing values of the k, the optimal ballot-
length L" increases. However, it is worth noting that the optimal
ballot-length L” can be slightly bigger than the target size of winning
committee k.

In addition, we have found similar results when investigating the
impact of the number of voters N in the situation of ballot length with
upper bounds: more ballots bring more effective election outcome. Due
to the limitation of space, this result is not shown here.

Overall, experimental results show that the ballot accuracy and
the target winning committee size have impact on the determining of
the optimal ballot length both in the situation of identical length and

the length with upper bounds. Furthermore, the optimal ballot length
L" should be chosen as a number which approximates the target
committee size k when the ballot length is identical, while for the
ballot length with upper bounds, the optimal ballot length L* should
be chosen as a number slightly bigger than the target committee
size k.

4. Conclusion and discussion

Studies on voting and selecting have received increasing attention in
the past few decades. In this study, we focused on the choosing of the
optimal individual ballot length in different situations of ballot length
restrictions. We accomplished this study by modifying an experimental
data generation method to generate the required individual synthetic
ballots with adjustable accuracy and length. We have demonstrated
that both the accuracy and the number of candidates desired have
significant effects on the optimal ballot length.

Using the synthetic ballots generation method, we performed many
experiments and obtained some useful findings: 1) when the ballot
length is identical, the more accurate the ballots are, the closer the
optimal ballot length is to the number of target winning committee size,
while for the ballot length with upper bounds, the optimal ballot length
is slightly bigger than the target winning committee size; 2) More voters
bring more effective election outcomes. These evidences can serve as a
further justification for researchers and managers incentives designing
the complete election system.

This paper makes several novel contributions to the literature of the
optimal ballot-length in approval balloting-based multi-winner elec-
tions. First, we modified and tested a synthetic ballots generation
method that can aid researchers in their voting studies. Second, our
experimental results shed important light on the investigation of the
relationship between the number of target winning committee size and
the number of candidates which they will optimally approve of. Finally,
the conclusions we have made may be helpful in many situations of
election with approval balloting.
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