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Abstract — The power law or Zipf’s law phenomena in human behaviors have been widely observed
and attracted intensive attention. In this letter, a new evidence on personal donation is presented
and analyzed. A sample of donation to the victims of Sichuan earthquake in 2008 demonstrates
that donation distribution has a particular pattern. The upper part is governed by Zipf’s law and
the lower part exhibits a uniform distribution. We propose a theoretical model in which people’s
wealth distribution follows a power law, they are willing to donate a random part of their wealth
and have preferences on some specific numbers. This model provides us not only a reasonable
explanation on the empirical donation pattern but also an effective method to get access to large-

scale personal-wealth distributions.

Copyright © EPLA, 2009

Introduction. — The power law distribution or Zipf
distribution has attracted much attention because it is
found in an extraordinarily diverse range of natural and
social phenomena [1-7]. In economic and social systems,
many power law phenomena come from the competition
among individual participants for a constraint resource,
such as personal income [8], firm size [9], city size [10],
and country wealth [11]. The interaction among indi-
viduals plays an essential role in the formation of these
collective patterns. Meanwhile, heavy-tail phenomena can
also be derived from independent individual behaviors or
activities, for instance, papers’ citation [12], human travel
distance [13], surface mail communication [14], web brows-
ing [15], movie watching [16], e-mail communications [17],
and library loans [18]. When exploring the formation of the
collective pattern in these cases, the interactive impacts of
individual choices can be neglected.

The individual activities are mostly determined by his
or her local external situation and inner psychology. It is
very interesting to ask how the large-scale patterns emerge
from almost independent behaviors of human individuals.
Recently a new research branch, namely Human Dynam-
ics, was formed focusing on the formation of univer-
sal heavy-tail pattern which deviates from the Poisson
one [19]. All these facts reflect the timing character of
human activities. Actually, some non-timing characters
also come to the similar collective pattern, such as papers’
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citation [12], human travel distance [13], but they have
been less concerned.

In this paper, we provide a new evidence on the non-
timing character of individual activities. As a human
behavior, charity or donation is determined by individual
wealth and psychology motivation. Since people differ in
personal wealth and generosity, the donation amounts of
individuals should be different from each other. As each
donator decides his or her giving independently, it seems
that no particular pattern of distribution is expected.
Recently, F. Schweitzer and R. Mach have found that the
distribution of donations in some cases follows a power
law [20]. Then we have some questions in hands. Is this
collective pattern universal? If so, how does it emerge from
the activities of every single individual?

In this work, we show that collective donations present
a particular pattern. To explain this pattern, we propose
a primal-donation model in which personal-wealth distri-
bution and donation motivation are taken into account.
To further reproduce the empirical facts, we take number
preference [21] of donators into account.

Besides the fact that this new evidence can enrich the
research field of collective human behavior, we think it
can also help us to figure out the statistical character
of personal wealth in the economic system under consid-
eration. Lists of the richest in some economies can be
easily found in some magazines and webs, for instance
New Fortune in China, Forbes in USA, but information
on the wealth of most people is not available there. In

38001-pl



Q. Chen et al.

Table 1: The number of recording for different donation amounts.

x| (0,1) 1 (1,2) 2 (2,5) 5

n | 187 556 | 23 121 105 506

z | (5,10) 10 (10, 20) 20 (20, 50) 50

n | 162 2566 | 346 3355 2321 17078

z | (50,10?%) 102 (102,2x 10%) | 2x10% | (2x10%,5x 10%) | 5 x 10
n | 2020 66146 | 3648 44554 | 19937 26359

z | (5x102,10%) | 103 (103,2x10%) | 2x10% | (2x 10%,5x 10%) | 5 x 10?
n | 7244 21697 | 3444 4800 3167 1431

z | (5x103,10%) | 103 (10%,2 x 10%) | 2x 10* | (2 x 10%,5x 10%) | 5 x 10*
n | 661 1169 | 276 159 179 46

z | (5x10%10%) | 10° (105,2.8 x 10°)

n | 32 18 39

such a case, it is hard to figure out the actual statistical
character of personal wealth for the whole economy; while
our work may provide a potential way to approach it.

In this paper,we first analyze a sample of donation data
collected in the event of Sichuan earthquake in 2008, then
offer a theoretical explanation on the empirical pattern. In
the following section, we briefly introduce the data source
and show some main characters. In the third section, a
primal-personal-donation model is presented. In the fourth
section, we rectify the model by considering personal
number preference.

The data source. — The data we study in this paper
were drawn from Chinese Red Cross Foundation. On
May 12th, 2008, an earthquake with a magnitude of 8.0
struck Sichuan province, southwest China. It has been the
most devastating earthquake happened in this country in
the past three decades. Chinese people and corporations
donated to the victims voluntarily through some non-
profit foundations. The primary data was collected from
Chinese Red Cross Foundation by 21 June 2008. There are
250477 original records among which 234352 records are
personal donators.

The obvious features of these data are summarized as
follows. a) The donation amount varies enormously from
0.01 RMB to 2.79 million RMB. b) Records of quite
small or quite large donation amount are very few. There
are 187 donators with a donation amount of less than 1
RMB and 39 with an amount of more than 100 thousand
RMB. c¢) Most donations have a medium amount. There
are 189585 donators whose givings range from 100 RMB
to 1000 RMB. d) The donations congregate at some
specific numbers. For example, there are 66146 records
with donation amount of 100, 44554 records with 200,
26359 records with 500, 21697 records with 1000. In
contrast, only 31 with 99, 3 with 199, 1 with 499, and
17 with 999. These characters can be seen more clearly in
table 1, where = presents the range of donation amount
and n denotes the corresponding quantity of records.

Donation (RMB)
e B B B B
ol nd ¢l oo oo ool ol ol o vl

1073 1 IO I1 I2 I3 4 5 6
10° 10 10 10 10 10 10 10
Rank

Fig. 1: (Colour on-line) The volume of donation wvs. the
corresponding rank in log-log scale. The dashed straight line
is for comparison.

There are 205006 records whose amounts are not less
than 100. They cover the main part (87.5%) of the total
sample. In this part, we found that the top minority of
the donators contribute to the majority of the aggregate
donation amount. On the contrary, the contribution of
other donators is very limited. The relations between
donation amounts and their corresponding ranks are
shown in fig. 1. The donation amount goes downward in
double-log scales approximately as a line with an abrupt
bending at the tail. To make a comparison, we draw a
dashed straight line with a slope of —0.88 above the flatter
part of the curve, indicating a Zipf character.

In order to check whether the upper part of donation
data obeys Zipf’s law, we should proceed to make a
parameter estimation and hypothesis test to confirm it.
First, Zipf’s exponent can be obtained by ordinary least
squares technology (OLS). Then we use Kolmogorov-
Smirnov (KS) test [22] to check the fitting goodness of the
empirical distribution by calculating the maximum dis-
tance between the cumulative distribution function (CDF)
of the real data and the hypothetical Zipf distribution.
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Fig. 2: (Colour on-line) Zipf plot of the top 500 richest Chinese.

In our estimating and checking process, the rank of the
sampling segment is from 1 to 135212, and the correspond-
ing donation amount ranges from 200 RMB to 2.79 million
RMB. The estimated exponent B =0.88, while the corre-
sponding determination coefficient of the regression R? is
equal to 0.95. After data standardization, we compare our
estimated distribution with the standard Zipf’s distrib-
ution with exponent 0.88, and get Kolmogorov-Smirnov
statistics D =0.14 which is so big that we have to reject
the null hypothesis of Zipf’s law.

The big value of KS statistic means a large deviation of
the empirical data from the standard Zipf’s distribution.
From fig. 1 we can see that the upper part is composed of
many sawtooth-like pieces, which lead to a large deviation.
We believe that the sawtooth comes mainly from congre-
gation of the donation on some specific numbers. If the
sawtooth pattern were properly removed, then we would
have a smooth trend of the whole data. The trend line
can be divided into two parts. The upper one maintains
the character of standard Zipf distribution, while the tail
is almost a vertical straight line. We will firstly develop
a theoretical explanation of the trend curve in the next
section.

The primal-donation model. — The trend curve of
donation is well regulated and follows Zipf’s law in the
upper part and then turns down abruptly at the tail. How
is the global pattern formulated? The answer must lie
on individual donation decisions. Common sense tells us
that the kernel determinant of one’s donation depends on
his or her personal wealth. In fact, some empirical works
have found that the majority of the wealth variables are
statistically significant for participation in charity [23],
and one’s donation should be a part of his or her total
wealth. The largest donation certainly comes from the
richest. Sometimes the charity behavior is a signal of his
or her absolute wealth [24].

Wealth inequality is common in every economy and has
attracted some researchers’ attention [25-27]. Particularly,
Chinese wealth distribution from the year 2003 to 2005 has
been found to follow Zipf’s law with an exponent around
1 [28]. We also got the data from the same source in 2008
and show it in fig. 2. Zipf’s law still holds in the wealth
distribution from rank 30 to 500, and the exponent is

estimated to be 0.88 by Gabaix’s technology [29]. It is
confirmed by Kolmogorov-Smirnov test for D =0.01.

Based on these facts, we propose a simple theoretical
model to explain the main characters of donation. The
postulations are listed as follows.

a) There are N agents who have the ability to donate
in this system.

b) The personal wealth follows Zipf’s law, which says
the amount of wealth for an agent is given by

Wi = Wmax X i7ﬁ7 (1)

where i denotes the rank of the agent, and wyay is the
wealth of the richest in the system. So the poorest has a
wealth of Wpin = Wimax X NP,

¢) Only a portion of the agents have a desire to donate.
In other words, there is a probability for each agent
to donate. In addition, the sample is only a small part
of all donators. Taking these two factors into account,
we postulate the possibility which is the same for each
agent to become a donator and be observed in a certain
sampling. Given the possibility as p, the mean number of
the observed donators is pN.

d) Donator i would give a share s; of his or her total
wealth w;, where s; reflects the people’s donating desire.
Generally, s; is a random variable uniformly distributed
in (0,), where A< 1. This postulation means that the
donation amount z; can be expressed as

(2)

Though this amount just represents the primal willing-
ness of the donator, the actual giving may be modified
due to some reasons, which will be discussed in the next
section. So we call it primal donation.

We carried out the simulations of the model at a given
set of parameters, and then made a series of comparisons of
the results by varying the upper limit A, the total number
of agents N, the Zipf exponent 3, the wealth of the richest
Wmax, and the possibility p, respectively. The simulation
results of the wealth values and primal donations for all
cases are shown in fig. 3. It is obvious that the primal-
donation distribution is robust for different parameters.
In all subplots of fig. 3, the upper part of the distribution
is very likely to follow Zipf’s law and the Zipf exponent is
equal to that of the corresponding wealth distribution. A
turning point can be easily found in each case, and it will
shift as any one of the parameters changes.

The characters of primal donation can also be obtained
from mathematical derivation. For simplicity, we employ a
continuous expression of wealth distribution to derive the
donation distribution. Since the wealth distribution obeys
a power law between the maximum and the minimum
of wealth, the probability density function then can be
normalized as

Z; = S;W;.

p(X=w)= ol e 3)

(i’ — wmas)
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tion can be understood in the following way. For a certain
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Fig. 3: (Colour on-line) The Zipf plot of wealth and primal
donation for a given setting (a) N =4 X 108, 8 =1, Wmax =
10, p=15.8588 x 10~*, A=0.1. Each of the other subplots
shows differences from (a) by varying only one parame-
ter respectively, (b) A=0.2; (c) N=2x10% (d) 8=0.5;
(€) Wmax = 10'%; (f) p=2.9294 x 10™*.

where wpin < w < Wnax, and the power law’s exponent
a=1+1/p.

Since the donation is a random share of wealth as given
by eq. (2), the primal-donation distribution function is
the integral over ws =z of the product of the power law
function given by eq. (3) and the uniform distribution
function. After a series of manipulations, the expression
can be written as

0, z <0,
a—1)(w_ ¥ —w 2
- Dt —wad) oy
)\( l—a—Wmax )
p(z) = AA(Wpyin
a—1)(A27% —w, %
( )(l—a 1_;na )7 )\wmin <z g )\wmaxa
aA (W — Wmak )
07 z> Awmax-

(4)
The formula shows clearly that the density function is
divided into two parts. When 0 < z < Awpiy,, all items in
the expression of p(z) are given before simulation, so it is
a constant, resulting in a uniform distribution. But when
AWin < 2 < MUmax, the expression of p(z) contains two
terms: the former one is a constant, the latter one is a

amount of donation, only the richer whose maximum
desire is greater than the value of donation can contribute
to it. According to the postulation d), i.e. eq. (2), the
part s that each agent takes from his or her wealth w is
assumed to be a uniform distributed random variable with
an upper limit X\. Thus the maximum desire for a donator
is Aw. When donation is less than Awmnin, everybody has
donation capability. Given an amount of donation z € (0,
AMUpin ), all agents would contribute to this amount with
the same quota. As a result, a uniform distribution over
this domain is produced.

Regarding the formation of the power law character
of the upper part, the major cause is obviously the
presumed pattern of wealth distribution. When donation
z is greater than Awp,, people whose wealth is less than
z/\ cannot contribute to this amount at all. As donation
increases, the total number of people who are able to
donate decreases. Given a certain amount of donation, the
change in the number of people who have capability at this
point corresponds to the density of the primal-donation
distribution, and the number equals the integral of the
wealth distribution curve from the corresponding point
to infinity. Therefore, the density of donation distribution
has the same mode as the wealth distribution. This means
that when donation increases linearly, the number of
potential donators decreases at an approximate power
speed.

The above two parts of the donation distribution are
segmented by a turning point, which is signified by Awpin-
Immediately, we have one of the determinants of the
location of the point, i.e., the maximum of donating
desire . As shown in fig. 3, when A gets larger, the turning
point will shift upward. According to the derivation of
postulation b), the wealth of the poorest wpi, can be
expressed in terms of N, (3, and wpya.x. The impacts
of these factors on the turning point are illustrated
respectively in fig. 3. The last determinant of the turning
point is p which represents the possibility for each person
to be a sampled donator. Although p does not appear
in the expression of the point, it sets the horizontal
position of the point with other factors together. Since
the horizontal location is dependent on the number of
actually observed donators, as p decreases, the number
will get smaller, so that the location of the turning point
will shift left. This is testified by comparing (a) and (f) of
fig. 3.

Synthetical explanation on donation distribu-
tion. — Although the primal-donation model can repro-
duce the main Zipf-like character of donation distribution,
it can not reproduce the pattern of actual donation and
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Fig. 4: (Colour on-line) The Zipf plots of simulation results of
wealth, primal and practicable donations.

leaves some minor details unexplained. In order to simu-
late the empirical result, we first calibrated the parameters
of the primal-donation model. The setting of parameters
in the primal model is given in the following.

a) The total number of agents in this system N is
8 x 108, for it is generally recognized that the economic
active population in China is around 8 x 108.

b) From fig. 2, we know that Zipf’s law holds in the
wealth distribution from rank 30 to 500. The Zipf exponent
is estimated to be 8 =0.88. The extrapolation from the
effective sample yields that the supposed richest person in
China possesses the wealth of 352 billion RMB. According
to eq. (1), the wealth of the i-th agent w; = 3.52 x 10! x
i~ 088(RMB).

¢) In our simulation, each agent has a probability of
p=2.9294 x 10~ to be an observed donator. According to
the prior definition, p should be equal to the ratio of valid
records D to the population N. In our case, D = 234352,
N =8x 108, then we can get the value of the probability.

d) The upper limit of s in eq. (2) is set to be A =0.045.
This value is evaluated based on experience. This number
means none of the agents will donate more than 4.5% of
his or her wealth.

Following the above initial settings and process, we can
get the values of primal donation. Even though these
values are predeterminate, they cannot be fully presented
in reality. The actual presentation of them is also affected
by other factors, especially, number preference of donators.

The overwhelming majority of the agents have inte-
ger preference when making a donation, they prefer to
donate in some simple integers rather than other numbers.
Among 234352 donators in our sample, only 2858 dona-
tors subscribed their money with fractional currencies, and
almost all the other records contains only one non-zero
digit. So, we keep only 1% of primal donation unadjusted,
and transform the others into integers containing only 1
non-zero digit by rounding them. As shown in table 1, the
main part of the agents prefers 1, 2, 3, 5 rather than other
digits. Amounts such as 50, 100, 200, 500, 1000, 2000 are
more popular. In our simulation, if m; =4, it definitely
turns into 5, and if m; =6,7,8,9, they will be modified,
with 90% probability, to either 5 or 10 at random.

107 g T T T T T
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Fig. 5: (Colour on-line) Comparison between actual donation
and simulation result.
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Fig. 6: (Colour on-line) Distributions of actual and simulated
donations.

As a consequence of the preceding calibration and
modification of primal donation, 234210 records of the
practicable donation are left at last. The simulation results
of wealth, primal donation and practicable donation are
shown respectively in fig. 4. The part greater than 200
RMB is confirmed to follow Zipf’s law with exponent 0.88.
The practicable donation displays almost the same trend
as the primal one only with a somewhat slight fluctuation.
The wealth distribution is also plotted in fig. 4 to illustrate
the parallel between the upper part of the donation
and itself.

The comparisons between the simulation results of
practicable donation and the real data are presented in
figs. 5 and 6. As shown in fig. 5 the similarity between them
is obvious. The two curves have almost the same turning
point, and the upper parts have the same slope. A slight
deviation can be found in the range of 10000-500000 RMB,
where the practicable donation is always greater than the
actual one at the same rank. The possible reason for this
deviation is that a certain part of larger donations is
missed because of this private-transfer way. Some people,
who donate large amount of money, are likely to subscribe
their donations in more public ways.

Figure 6 shows the effects of number preference, where 3
subplots from top to bottom correspond to primal dona-
tion, practicable donation, and actual donation, respec-
tively. The frequencies are counted in bin with a width
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of 1. For the primal donation, the frequency follows
uniform distribution in the left part and power law in
the right. On the contrary, instead of uniform arrays,
many remarkable bursts emerge at some specific points in
the other two subplots, indicating the number preference.
The practicable donation and the empirical one resemble
each other in the burst pattern.

Conclusion. — Although people subscribe their dona-
tions individually, a specific collective pattern emerges, in
which Zipf’s law governs the upper part and a uniform
distribution dominates the lower one. The OLS estimation
on a sample of donations in China indicates that the slope
of the upper part of the Zipf plot of donations is about
—0.88, which approximately equals Zipf’s exponent of the
Chinese personal wealth. To explain how this pattern is
formed, we proposed a stochastic model to generate the
primal donations. It is found that the Zipf plots of primal
donation are robust for variant parameters. In order to
account for the empirical pattern, we modified the primal
donation by introducing the number preference and then
got the practicable donation. The simulation results match
the actual data well. From these results, we can infer that
the global Chinese wealth distribution follows Zipf’s law
with an exponent equal to 0.88.

Like such a case of donation and wealth, many power-
law phenomena coexist in complex systems. Most of the
previous researches studied them separately, in spite of
the facts that they might be related to each other. For
instance, as proxies of a firm size both capital and revenue
are found to follow a power law distribution [30]. By
regarding the capital as a source of revenue, Zhang et al.
have demonstrated that firm size distributions could be
well explained [31]. Among societies all over the world,
income per capita and the corruption level have a reverse
relationship, and the empirical distributions of them have
almost the same pattern with heavy tails [11,32]. Our
work provides one additional evidence. We believe that
it should be valuable for exploring the complexity of a
system to seek for the casuality between the distributions
of different elements within it and put them together into
investigations.
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